Core 3 Functions Questions
(From the Oxford MAT Tests)

For answers, see the MAT website
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G. A graph of the function y = f () is sketched on the axes below:
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J. The function f(n) is defined for positive integers n according to the rules
=1 £n) = f(n). f@n+1) = (F(n))? - 2.
The value of f(1) 4+ f(2) 4+ f(3) +--- + £(100) is

() —86, (b)) —31, (c) 23, (d) 38
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Let
fle)=a+1 and g(x) =2z

We will, for example. write fg to denote the function "perform g then perform f" so
that

fo(@) = f(g(x)) =2z + 1.

If 7 = 0 is an integer we will. for example, write f* to denote the function which performs
f ¢ times, so that
fila)=ffffla)=a+i

—
i times

(i) Show that
f2g(x) = 9f ().
(ii) Note that
9fg(z) =4z +4
Find all the other ways of combining f and g that result in the function 4z + 4.

ii) Let ¢, 7.k > 0 be integers. Determine the function

flaflgf* ().

(iv) Let m = 0 be an integer. How many different ways of combining the functions f
and g are there that result in the function 4z + 4m?
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C. The functions f, g and h are related by
fll@)=g(z+1). dz)=h(z-1).
It follows that f”(2z) equals

(a) h(2z+1); (b) 21 (2z); (¢) h(2x): (d) 4h(2z).
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I. The function F(k) is defined for positive integers by F(1) = 1. F(2) =1, F(3) = —1
and by the identities

F(2k)=F(k).  F(2k+1)=F(k)

for k > 2. The sum
F(1)+ F(2)+ F(3) +--- + F(100)

equals
(a) —15: (b) 28 (c) 64 (d) 8L
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(i) Let k& # 1. The function f(t) satisfies the identity
FO) —kfl—t)=t
for all values of ¢. By replacing ¢ with 1 — ¢, determine f(¢).
(ii) Consider the new identity
)= f1=t)=g(t). ()
(a) Show that no function f(t) satisfies (x) when g(t) = ¢.
(b) What condition must the function g(t) satisty for there to be a solution f(t) to (x)?

(c) Find a solution f(t) to (+) when g(t) = (2t — 1)°.
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J. For all real numbers z, the function f(z) satisfies

1
6+ f(z) = 2f(—z) + 322 (/ @) dt) .
-1
It follows that fjl f(z) dz equals

(@ 4 () 6 (9 1, () =
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H. The function F'(n) is defined for all positive integers as follows: F(1) = 0 and for all
n =2,

Fn)=F(n—-1)+2 if 2 divides n but 3 does not divide n;

Fn)=F(n—-1)+3 if 3 divides n but 2 does not divide n;

Fn)=F(n—-1)+4 if 2 and 3 both divide n;
F(n)=F(n-1) if neither 2 nor 3 divides n.

The value of F(6000) equals

(a) 9827,  (b) 10121, () 11000,  (d) 12300,  (e) 12352.
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F. The functions S and 7" are defined for real numbers by
S(x)=z4+1, and T(z)=—ux.

The function S is applied s times and the function 7" is applied ¢ times, in some order,

to produce the function
F(x)=8—u.

It is possible to deduce that:
(a) s=8and t=1.
(b) s is odd and ¢ is even.
(c) s is even and t is odd.
(d) s and t are powers of 2.
(e) none of the above.
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The function f(z) is defined for all real numbers and has the following properties, valid
for all  and y:

Q) fl+y) = f(z) fy).
(B)  df/dz = f(z).
(©) flx)>0.

Throughout this question, these should be the only properties of f that you use; no
marks will be awarded for any use of the exponential function.

Leta= /(1).
(i) Show that (0) = 1.
(ii) Let .
1= /D (@) da.
Show that T =a— 1.

(iii) The trapezium rule with n steps is used to produce an estimate I, for the integral

1. Show that 1 rbat
+
=g (F) -

iv) Given that I, > I for all n, show that

2\
< -
a< (1+2n71)

where b= f(1/n).
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Let
fal@ =2+ (=2 2"+ (n+3)z+n’

where n is a positive integer and @ is any real number.

i) Write down fz (2) .

Find the maximum value of f (z)
For what values of 7 does f,, (#) have a maximum value (as  varies)?
[Note you are not being asked to calculate the value of this maximum ]
(i) Write down f; (z).
Caleulate fi (fi () and f1 (fi (fi (2)))
Find an expression, simplified as much as possible, for
flfi(fA (- fi @)
where f; is applied k times. [Here k is a positive integer |

i) Write down s (@)

The function
f(f2(fo (- f2 (),

where f, is applied & times, is a polynomial in . What is the degree of this polynomial?
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(i) The graph y = f () of a certain function has been plotted below.
y

On the next three pairs of axes (A), (B), (C) are graphs of
y=f=), f@-1), -f@

in some order. Say which axes correspond to which graphs.
y y

A) )
(if) Sketch, on the axes opposite, graphs of both of the following functions

y=2"  and y=27
Carefully label any stationary points.
(iif) Let ¢ be a real number and define the following integral

(= /"d 7 .

©

State the value(s) of ¢ for which T (c) is largest. Briefly explain your reasoning.

[Note you are not being asked to calculate this maximum value ]
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For a positive whole number n. the function f, (x) is defined by

ful@) = (@ —1)?

(i) On the axes provided opposite, sketch the graph of y = f, (z) labelling where the
graph meets the axes.

(ii) On the same axes sketch the graph of y = f, (z) where n is a large positive integer.

/0‘ I () da.

(iv) The positive constants A and B are such that

! A
[ r@e<i- 25

(iii) Determine

foralln > 1.

Show that
(Bn=1)(n+B) =2 A(4n—1)n,

and explain why A < 3/4.

(v) When A = 3/4, what is the smallest possible value of B?
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As shown in the diagram below: C' is the parabola with equation y = 2%; P is the point
(0,1); Q is the point (a,a?) on C; L is the normal to C' which passes through Q.

= ) I 2
(i) Find the equation of L.

(ii) For what values of a does L pass through P?

(iii) Determine |QP|® as a function of a, where |QP] denotes the distance from P to Q.
(iv) Find the values of a for which |QP] is smallest.

(v) Find a point R, in the zy-plane but not on C, such that |RQ) is smallest for a unique
value of a. Briefly justify your answer.
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G. The function f, defined for whole positive numbers, satisfies f (1) = 1 and also the
rules

f(2n)=2f(n).
f@n+1)=4f(n),

for all values of n. How many numbers n satisty f (n) = 167

(& 3 () 4 (9 5 (@ 6




