UKMT Equations Questions

(Answers follow after all the questions)

2005...

19. The graph of y = | x| is shown alongside.
Which of the following could be a sketch of the graphof y = x | x|?

2006...

2. If 6x — v = 21l and 6y — x = 14, what is the value of x — ?
Al B 2 C 3 D 4 E 5

17. A trapezium is bounded by four lines, the equations of whichare x =0, x=4.4y = 3x + §
and v = k,where k < 2.
For which value of k is the numerical value of the perimeter of the trapezium equal to the
numerical value of the area of the trapezium?

A 3 B 1 c ! D - E -1

2007...

25. The line with equation y = xis an axis of symmetry of the curve with equation

+
f, where p, g, r, s are all non-zero. Which of the following is necessarily

Ap+g=0 B r+s=0 Cp+r=0 D p+s5s=0 E g+r=0

2008...

16. The numbers x, y and z satisfy the equations
X+ v+ 2z = B850, X+ 2y + z = 950, 2x + y + z = 1200,

What is their mean?

A 250 B — C 7350 D 1000 E More information is needed.



23. How many pairs of real numbers (x, v) satisfy the equation (x + ¥* = (x + 3)(y = 3)?
A0 B1 C2 D4 E infinitly many

20009...

13. Suppose that v — % = y- :Tand.r # v. What is the value of xy?

A 4 B 1 C -1 D -4 E more information is needed

16. The positive numbers x and v satisfy the equations x* — y* = 2009 and x* + y* = 49. What is the
value of ¥?

Al B 2 C 3 D 4 E more information is needed

18. Which of the following could be part of the graph of the curve ¥ = x(2 — x)?

aVAR Vi

A\ | N

B C D

(D
.

2010...

8. Which of the following is equivalentto (x + v + z)(x — v — 2)?
Axtoytoz? B -y +4:2 C
2—xy—xz—2

D xX—(y+z) E ¥—(y-2)

9. The symbol ¢ is defined by x ¢ v = x* — y*. What is the value of (2 ¢ 3) ¢ 4?

3 3
A -3 B -- C o D= E 3
4 4



22, If X - p-aq= 0, where p and g are positive integers, which of the following could not
equal x-7
A dx + 3 B 8+ 5 C 8x+7 D 10x + 3 E 26w + 5
2011...

6. Granny and her granddaughter Gill both had their birthday yesterday. Today, Granny's age in
years is an even number and 15 times that of Gill. In 4 years' time Granny's age in years will
be the square of Gill's age in years. How many years older than Gill is Granny today?

A 42 B 49 C 56 D 60 E 64

15. The equation ¥+ ar + b = 0, where a and b are different, has solutions x = gandx = b.
How many such equations are there?
AOD B 1 C 3 D4 E an infinity

1 1 1 .

18. Two numbers x and v are such that x + v = 20 and " + S = 7 What is the value of
2y + o7 - ’
A 80 B 200 C 400 D 640 E 800

20. Positive integers x and y satisfy the equation vx — V11 = /y.
What is the maximum possible value of \E ?
A2 B 4 cs D 11 E 44

23. What is the minimum value of ¥* + y* + 2xy + 6x + 6y + 4?
A -7 B -5 C -4 D -1 E 4

2012...
7. Giventhatx+v+z=1,x+yv—z=2and x—y—-z= 3, what is the value of xyz?

A -2 B -1 C o DL E 2



25. How many distinct pairs (x, ¥) of real numbers satisfy the equation (x + y)> = (x+ 4)(v - 4)?
A0 B 1 C2 D3 E 4

2013...

5. The numbers x and y satisfy the equations x (y + 2) = 100and y(x + 2) = 60. What is the
value of x — ¥?

A 60 B 50 C 40 D 30 E 20
2014...
14. Given that 3x +y = —1, what is the value of X+ ?
x — 3y v — ¥
A -1 B 2 C 4 D35 E 7
2015...
150,

2. What is the sum of all the solutions of the equation 6x =
X

AD B 5 Co D 25 E 156

25. A function, defined on the set of positive integers, is such that f(xy) = f(x) +f(v) for all x and
v. Itis known that £(10) = 14and f (40) = 20. What is the value of f (500)?

A 29 B 30 C 39 D 48 E 50

2016...

9. A square has vertices at (0, 0), (1, 0), (1, 1) and (0, 1). Graphs of the following equations are
drawn on the same set of axes as the square.

.r2+;.*2=1, y=x+1, }‘=—.1‘2+1, ¥y o= x, }‘=1—

x
How many of the graphs pass through exactly two of the vertices of the square?
Al B 2 C3 D 4 E 5
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2. A
17. E

2007...
25. D

UKMT Equations Answers

Whenx = 0,|x| = x,sox| x| = x¥:whenx < 0, |x]| = -x,s0x|x| = —2%.
Only graph A has the same shape as the graph of y = x*for x > 0 and the same shape
as the graphof y = —x*forx < 0.

Subtracting the second equation from the first: 6x — y — (6y — x) = 21 — 14. So
Tx — Ty = T.thatisx — vy = 1.

(The equations may be solved to give x = 4,y = 3 but it is not necessary to do this in
order to find the value of x — v.)

The trapezium in question is shown as ABCD in
the diagram. The coordinates of its vertices are Y= Dj A x=4
A0, k), B(0, 2),C(4, 5).D(4, k). Using
Pythagoras' Theorem: BC = 4% + 3 = 5.
The perimeter of ABCD = (2-k)+5+(5-k)+4
=16 - 2k

qyv=3x+8

The areaof ABCD =4(2-k)+1x4x3 B

=14-4k Sol6 - 2k = 14 — 4k, thatis d y==k
k= -1 P D
(In the diagram it was assumed that k > 0, / y=0

although it transpires that k < 0. However, this
does not affect the validity of the solution.)

Asthe line y = xisan axis of symmetry of the curve, if the point (a, b) lies on the curve,
so too does the point (b, a). Hence the equation of the curve may also be written as

X = MI
Py + 8
Therefore, substituting for v in the original equation:
v+
p(f-t‘ f?) +q ‘ ‘
, = Ayt _plpy + g +q(ry +9)
: ,,(P*_H?) L, Ty E sty + 9
ry+ s
Therefore yrpy + @)+ sty +9) = plpy + @ + q(ry + 9),

thatis y'r(p + 8) + ylgr + s* = p" —gqr) — pg — gs = 0,

that is (p+ )07+ 36 -p-q) =0
Since r is non-zero, the expression in the second bracket is non-zero for all but at most
two values of y. Hence p + 5 = 0.
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16. A  Adding the three given equations gives 4(x + y + z) = 3000. Therefore
x + v+ z = 750. Sothe mean is 3¢ = 250.

) — 3. Then the given equation becomes (X + ¥)* = XY.
owever X2, Y2 and XY (= (X + Y)) are non-negative.
—3and y = 3 is the only solution.

23, B LetX = x + 3andY =
SoX*+ XY +¥Y? =0
Hence X = Y = O:sox

T

2009...

1
13. C x-==y— =hencex’y —y = v —x. Thusxy(y —x) + y — x = 0.
Y y

Therefore (v —J_r} (xy + 1) = 0. Asx # ytheny — x # 0.
Hence xy + 1 = Ogiving xy = —1.

16. B Sincex* — y* = 2009 it follows that (x* + ¥%) (x* — ¥*) = 2009.
But ¥ + y? = 49hence ¥ - y* = % = 41.
Subtracting gives 2y = 8hence y* = 4. Sincey > 0,y = 2.

18. A Wehavey = x(2 — x). Nowy® = Oforall real yhence x(2 — x) = 0.
Hence 0 < x < 2. Infact we canrewrite the equation as (x — 1)> + ¥* = I;sothisis
a circle of radius 1 with centre (1.0).

2010...

8. D (+y+)a-y-2)=[+0+lx-0+2]=x-0+2
9, D (203 04=02"-3)0o4=(-DHod=(CD"-4"=1-1=13

22, B Sincex’ — px — g = O,itfollowsthat ¥ = p* + gx.
Butx’ = px + gandsox’ = p(px + q) + gr.iex’ = (p* + g)x + pq.
The three possible values shown for pqg are 3, 5 and 7.
Ifpg = 3.p" +q=1"+3 =4dorp’ + g = 3> + 1 = 10.Hence4x + 3 and
10x + 3 could equal x°.
Ifpg = 7.wemaytakep = 1,g
could equal x°.
Ifpg = S5, wemaytakep = 5.9 = ltogetp’ + g = 5% + 1 = 26. Hence 26x + 5
could equal x°.
However, the only other possibility, p = 1,g = 5givesp® + g = 6 # 8. Therefore
8r + 5 = 1.

Togetp* + g = 1> + 7 = 8. Hence 8x + 7
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6. C
15. B
18. E
200 B
23. B
2012...
7. D
25. B
2013...
5. E

Let Granny's age today be G and Gill's age today be g.

Therefore G = 15g..(1) and G + 4 = (g + 4}2...{2).

Substituting (1) into (2) gives 15¢ + 4 = ¢ + 8¢ + 16,hence g — Tg + 12 = 0.
Thus (g — 3)(g — 4) = O,hence g = 3or4.

AsGisevenand G = 15g. gisalsoeven. Thusg = 4and G = 15 x 4 = 60.
Hence today, Granny is 56 years older than Gill.

If a, b are roots of x2+ ax+ b = Othen ¥ + ax+ b = O must be (x — a)(x — b) = 0. As
(x—a)(x —b) = x* + (—a— b)x + abthena = —a — band b = ab. If b = 0 we
see immediately that @ = 0. But this is not possible as a and b are different. If b = 0
thena = land b = -2. So there is just one solution pair.

Multiplying £+ L = | throughout by 2xy gives 2y + 2x = xy. Hence xy = 2(x + y)... (1).
But since ¥y + xy* = xy(x + y), we canuse (1) to give xy(x+ ¥) = 2(x+ ¥)(x + ¥).
But x + y = 20, hence ¥y + xy* = 2 x 20* = 800.

Squaring the equation vx — V11 = /y gives x — 2y/1 Ly + 11 = y... (1). You see here that
24/T1xis an integer. Thus x = 114’ for some integer a. Hencein (1), y=11a*-22a+11=

11{a* - 2a + 1). Thus% = [
seento be (3 = 4. )

2
1) whose maximum value, for integer a, is easily

PP+ 2o+ by +d=(x+ ) +6(+)+4=[(x+0+3[(x+N+3]-5=
(x+vy+3°% -5 But(x + y + 3)* = Oforall values of randy. Asx + y + 3can
be 0 for appropriate values of x, y the minimum value of x? + ¥> + 2xy + 6x + 6y + 4 is 5.

Add the first and third equations: 2y = 4, so v = 2. Add the first two equations:
2v+ 2y = 3,50 y= —} . Substitute for x and yin the first equation: 2 + (-4) + z = 1so
z = —L Therefore xyz = 2 x (-1) x {—9 = 1L

Starting with (x + W= (x+ 4y - Hand expanding both sides gives

Py +y =y —dr+dy—16ie. X+ (y+ Dy +y -4y + 16 = 0.

To eliminate the xyterm we let - = x + 21;.' and then replace x by z — zl}'. The equation
above becomes =2 + 4(z — by) + 1 — 4y + 16 = 0. However,

:2+4{:— b)+ b'z—4}*+ 16 = (:+2}2+i'ﬁ'2_6}‘+ 12
= {: +2}2 - 5_{}2 - 8}'+ 16) = (: - 2}2 + i'(_:r+ 4}2
So the only real solution is whenz = —2and y = 4;ie.x = —dandy = 4.

Sincex(y + 2) = 100and yv(x + 2) = 60then xy + 2x = 100and xy + 2y = 60.
Subtracting gives 2y — 2y = 40and therefore x — y = 20.
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14. E Rearranging the equation 3 +33r = —lgives3x + y = —x + 3y. Sodr = 2yand
x — 3y
therefore v = 2x. Hence X+ 3y -z 3% % = ?_r = 7.
v — ¥ 3x — 2x X

2015...

2. A Rearranging 6w =

Eg,i‘wss X = E so ¥ = 25. This has two solutions, x = 5and
X
x = —5. Therefore the sum of the solutionsis 5 + (-3 = 0.

25. C Repeatedly using the rule that f (xy) = f(x) + f(¥) allows us to write f(500) as
f2x2x5x5x5)=FfD+f2)+fB)+FfB)+ () =22+ 3(5. We
are given values for f(40) and f (10) and from them we need to calculate the values of
f(2yand f (5). Now f(40)can be written as f(2) + f(2) + f(10)s0 20 = 2f(2) + 14

and therefore f (2) = 3. Similarly f(10) = f(2) + f(5)so 14 = 3 + f(5) giving
F(5) = 11. Sof(500) = 2f(2) + 3f(5) = 2 x 3 + 3 x 11 = 39,
2016...

9. C LetO=(0,0),A=(10),B=(1,1),C=(0,1)be the M
vertices of the square. The equation x> + y> = 1 r:
gives a circle passing through A and C. The
equation y = x + 1 gives a straight line passing /

o A o

only through C. The equationy = —x*> + lgivesa
parabola passing through A and C. The equation

y = x gives a straight line passing through O and B.
The equation y = Lgives a rectangular hyperbola
which has two branches and passes only through B.
So,onlyx* + y* = I,y = xandy = —x? + 1
have graphs passing through exactly two of the vertices of the square.




